CONSTANT MEAN CURVATURE SURFACES IN WARPED 
PRODUCT MANIFOLDS 



SIMON BRENDLE 

Abstract. We consider surfaces with constant mean curvature in cer- 
tain warped product manifolds. We show that any such surface is um- 
bihc, provided that the warping factor satisfies certain structure condi- 
tions. This theorem can be viewed as a generahzation of the classical 
Alexandrov theorem in Euclidean space. In particular, our results apply 
to the deSitter-Schwarzschild and Reissner-Nordstrom manifolds. 



1. Introduction 

A classical theorem due to Alexandrov [1] asserts that any closed, em- 
bedded hypersurface in with constant mean curvature is a round sphere. 
Alexandrov's theorem is remarkable in that it holds in all dimensions; re- 
quires no assumptions about the topology of the surface; and does not im- 
pose any stability assumptions. More generally, it is known that surfaces 
of constant mean curvature in the hemisphere and in hyperbolic space are 
geodesic spheres (see e.g. [IT], [21]). Montiel [20] has obtained a unique- 
ness theorem for star-shaped hypersurfaces of constant mean curvature in 
certain rotationally symmetric manifolds. The argument in Montiel's paper 
[20j applies to various ambient spaces; the assumption that the surface is 
star-shaped plays a crucial role in the argument (see also [2]). 

In a different direction, Christodoulou and Yau [8] studied stable sur- 
faces of constant mean curvature in asymptotically flat three-manifolds. 
Their work was motivated by considerations in general relativity; in par- 
ticular, they showed that any such surface has nonnegative Hawking mass. 
Later, Bray [5] studied the isoperimetric problem in the three-dimensional 
Schwarzschild manifold. A surface is called isoperimetric if it has minimal 
area among all surfaces that enclose the same volume. Using an ingenious 
comparison argument. Bray [5] was able to show that any isoperimetric sur- 
face in the Schwarzschild manifold must be a coordinate sphere. We note 
that Bray's method can be extended to more general ambient manifolds; see 
[6] and [10] for details. 

In 1997, Huisken and Yau [T9] proved that for any asymptotically flat 
three-manifold M with positive ADM mass, there exists a compact set K so 
that the complement M \ K can be foliated by stable surfaces of constant 
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mean curvature. Moreover, Huisken and Yau proved a uniqueness result for 
such foliations near infinity under mild additional assumptions. Qing and 
Tian |25j have obtained a uniqueness result for stable surfaces of constant 
mean curvature that avoid some large compact set K. It was shown by Eich- 
mair and Metzger [12] that a stable constant mean curvature surface S must 
avoid a given compact set provided that the area of S is sufficiently large 
and the ambient manifold M has positive scalar curvature. Eichmair and 
Metzger also proved that the constant mean curvature spheres constructed 
by Huisken and Yau are, in fact, isoperimetric surfaces. This confirmed a 
conjecture of Bray; see [11] and [13] for details. Finally, we note that Rig- 
ger [27J and Neves and Tian |22] have constructed foliations by surfaces of 
constant mean curvature in asymptotically hyperbolic manifolds. 

In this paper, we prove an analogue of Alexandrov's theorem for a class 
of warped product manifolds. Let us fix an integer n > 3. Throughout this 
paper, we assume that is a compact Riemannian manifold of dimension 
n — 1 such that 

RicAT > (n - 2)pgN 

for some constant p. Moreover, we consider a smooth positive function 
/i : [0, f) — 7- M which satisfies the following conditions: 

(HI) /i'(0) = and /i"(0) > 0. 
(H2) h'{r) > for aU r G (0,f). 
(H3) The function 



h{r) h{r)'^ 

is non-decreasing for r G (0,f). 
(H4) We have 

h"{r) p-h'{rf 
h{r) h{rf 

for all r G (0, f). 

We now consider the manifold M = N x[0,f) equipped with the Riemannian 
metric 

(1) g = dr (g) dr + h{r)^ gN- 

The following is the main result of this paper: 

Theorem 1.1. Suppose that {M,g) is a warped product manifold satisfying 
conditions (H1)~(H3). Moreover, let T, be a closed, embedded, orientable 
hypersurface in {M,g) with constant mean curvature. Then S is umbilic. 
If, in addition, the condition (H4) holds, then T, is a slice N x {r} for some 
r G (0,f). 
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It is interesting to consider the special case when RicAr = (n — 2)pgN. In 
this case, the Ricci and scalar curvature of g are given by 

,h"{r) , n-h'irf. 



h"{r) p - h'{r) 



and 

, . f h"(r) , ,p- h'irf 
(3) i? = -(n- 1) - (n-2) ^' 



h{r) ' ' h(rY 

Hence, in this case, the condition (H3) is equivalent to saying that the scalar 
curvature of g is non-increasing in r. Moreover, the condition (H4) says that 
the Ricci curvature is smallest in the radial direction. 

In particular, condition (H3) is satisfied if is the standard sphere and 
(M, has constant scalar curvature. Besides the standard spaces of con- 
stant sectional curvature, the most basic examples of rotationally symmet- 
ric manifolds with constant scalar curvature are the deSitter-Schwarzschild 
manifolds. We briefly recall their definition. Let us fix real numbers m and 
K. We assume that m is positive. Moreover, we assume that either k < or 



4(n-2)"-2 

Let us write {s > : 1 — ms'^~^ — ks^ > 0} = {s,s). The deSitter- 
Schwarzschild manifold is defined by M = 5""^ x (s, s) and 

1 , , 2 

9 = 9 ds0ds + s 55n-i . 

1 — m — Ks"^ 

A straightforward calculation shows that {M,g) has constant scalar curva- 
ture n(n — 1)k. We note that the manifold {M,g) can be isometrically em- 
bedded as a space-like slice in the (n-l-l)-dimensional deSitter-Schwarzschild 
space-time. In the special case k = 0, (M, g) is the ordinary Schwarzschild 
manifold. 

Corollary 1.2. Suppose that T, is a closed, embedded, orientable hypersur- 
face in the deSitter-Schwarzschild manifold with constant mean curvature. 
Then Tj is a slice S"^"^ x {s}. 

In particular, we obtain a uniqueness theorem for surfaces of constant 
mean curvature in Schwarzschild space. We note, however, that the analo- 
gous result fails in the doubled Schwarzschild manifold. In fact, in a joint 
work with Michael Eichmair [7], we have constructed small isoperimetric 
surfaces in the doubled Schwarzschild manifold which are located near a 
point on the horizon. These surfaces have constant mean curvature, but are 
not umbilic. 
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The assumptions of Theorem II. H are also satisfied for the Reissner-Nordstrom 
spaces. The Reissner-Nordstrom manifold is defined by M = 5"^^ x (s, oo) 
and 

Here, m > 2g > are constants, and s is defined as the larger of the two 
solutions of the equation 1 — m s^~^ + s^"^" = 0. 

Corollary 1.3. Suppose that H is a closed, embedded, orientable hyper- 
surface in the Reissner-Nordstrom manifold with constant mean curvature. 
Then Ti is a slice S^^^ x {s}. 

We next state a variant of Theorem II. 1[ To that end, we consider a 
function h : [0, f) — )• R which satisfies the following conditions: 

(HI') h{r) = rLpir"^), where if : [0, \/f ) — S- M is a smooth positive function 

satisfying 99(0) = 1. 
(H2') h'{r) > for ah r G (0,f). 
(H3') The function 

^ ^ ' in -2) ^ ' 



h(r) h(rY 
is non-decreasing for r G (0,f). 
(H4') We have 

h!'{r) 1 - h!(rf , ^ 

— H / 

/i(r) /i(r)2 

for all r G (0, f). 

Theorem 1.4. Let /i : [0,f) — )• M which satisfies the conditions (Hl')- 
(H3'). Let us consider the ball Bf{0) C M" equipped with the Riemannian 
metric g = dr ® dr + h{r)'^ ggn-i. Moreover, let Tj be a closed, embedded, 
orientable hypersurface in {Bf{0),g) with constant mean curvature. Then S 
is umbilic. If, in addition, the condition (H4') holds, then Ti is a geodesic 
sphere centered at the origin. 

Note that the conditions (H1')-(H3') are satisfied for h{r) = r, for h{r) = 
sinh(r), and for h{r) = sin(r). Therefore, Theorem 11.41 generalizes the 
Alexandrov theorems in Euclidean space, hyperbolic space, and the hemi- 
sphere. 

As above, the condition (H3') is equivalent to saying that the scalar cur- 
vature of g is non- increasing in r. On the other hand, if the scalar curvature 
is not a monotone function of r, it is possible to construct small spheres 
with constant mean curvature which are not umbilic: 

Theorem 1.5 (F. Pacard, X. Xu [23j). Consider a smooth metric g on the 
ball Bf{0) C of the form g = dr dr -\- h{r)'^ ggn~i. Assume that the 
function 

h"{r) ^ 1 - h'{rf 

^ W) " " h{rY 
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has a strict local extremum (either a local minimum or a local maximum) 
at some point r S (0, f). Moroever, suppose that at each point on dBr{0), 
the Ricci tensor of g has two distinct eigenvalues. Then there exist small 
spheres with constant mean curvature which are not umhilic. 

Theorem 11.51 is a direct consequence of Theorem 1.1 in |23j. To see this, 
let <!){■, X) be the function defined in [23]. Clearly, </>(•, A) is rotationally 
symmetric. By assumption, the scalar curvature (viewed as a function of 
r) attains a strict local extremum at the point r G (0,f). Hence, if A is 
sufficiently small, we can find a number r close to f with the property that 
every point on the coordinate sphere dBr{0) is a critical point of the function 
A). Hence, given any point p £ dBr{0), we can find an (n — l)-sphere E 
which has constant mean curvature and is contained in a geodesic ball 
around p of radius A (1 + o(l)). This surface T, cannot be umbilic: indeed, 
if T, were umbilic, then the Codazzi equations would imply that the normal 
vector to S is an eigenvector of the Ricci tensor. Consequently, T, would be 
a geodesic sphere centered at the origin, which is impossible. 

The proof of Theorem 11.11 occupies Sections [2] -[H In Section [2l we define 
a potential function / and a conformal vector field X, and study their basic 
properties. In particular, we derive an integral identity, which generalizes the 
classical Minkowski formula in Euclidean space. Moreover, using condition 
(H3), we show that {Af)g — D^f + /Ric > 0. This inequality plays a key 
role in the proof of Theorem 11.11 We note that Riemannian metrics with 
the property that (A/) g — D^f + / Ric = are called static, and have been 
studied in connection with questions in general relativity (see e.g. [3], [9], 
[26]). 

In Section [31 we prove a sharp inequality for hypersurfaces of positive 
mean curvature. This inequality is inspired by a classical inequality due to 
Heintze and Karcher [16]. To state this inequality, we consider two cases. If 
S is the boundary of a domain 17, we show that 

(4) {n-1) [ ^d^>n [ f dvol. 

On the other hand, if we can find a domain il. such that 9$7 = SU {N x {0}), 
then we obtain 

(5) (n-l) [ ^dfi>n [ / dvol + /i(0)" vol (iV,5iv). 

Moreover, if equality holds in @ or ([5]), then S must be umbilic. In order to 
prove these inequalities, we consider the Riemannian metric g = ji g- This 
metric is conformal to the given metric g and has an asymptotically hyper- 
bolic end at X {0}. We then consider the level sets of the distance function 
u{p) = dg{p, S), where the distance is computed using the conformal metric 
g. We now study the quantity 

Q(t) = (n-1) [ ^j^dfi, 

J'E* 
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where S* denotes the smooth part of the level set {u = t}, and H denotes 
the mean curvature of S*. Using the standard formula for the evolution of 
the mean curvature, we obtain a monotonicity formula for Q{t). If S is null- 
homologous, the inequality (j4]) is a direct consequence of our monotonicity 
formula. On the other hand, if S is homologous to the boundary x {0}, 
we show that 

liminfQ(t) > /i(0)"vol(A^,5iv). 

If we combine this inequality with the monotonicity formula for Q{t), the 
inequality ([5]) follows. The analysis of the limit of Q{t) as t — )• oo is a very 
subtle issue, as the level sets {u = t} are not smooth in general. To overcome 
this obstacle, we use the approximation technique of Greene and Wu [14J, 

m- 

In Section [H we combine the results from Sections [2] and [3] to conclude 
that S is umbilic. This completes the proof of Theorem ll.il 

In Section m we explain how Corollary 11.21 and Corollary 11.31 follow from 
Theorem II. 1[ 

Finally, in Section [6] we sketch the proof of Theorem 11.41 The proof of 
this result is very similar to the proof of Theorem II. 1^ and we will indicate 
the necessary adaptations. 

The author is very grateful to Professors Michael Eichmair, Jose Espinar, 
and Brian White for discussions. 



2. Basic properties of {M,g) 

Let {M,g) be a warped product manifold which satisfies the conditions 
(II1)-(II3). We define a smooth function / : M — t- M and a vector field X 
on M by 

/ = h'ir) 

and 

It follows from (112) that / is a positive function on x (0,f). Moreover, 
the condition (HI) implies that the function / vanishes along N x {0}, but 
the gradient of / is non-zero along x {0}. 



Proposition 2.1. The function f satisfies the inequality 

{Af)g-D^f + fmc>0. 
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Proof. Let {ei, . . . ,e„_i} be a local orthonormal frame on N, so that 
gN{ei,ej) = 5ij. It follows from Proposition 9.106 in [4] that 



Ric(ei,ej) = Ric^(ei,ej) - (/i(r) h"{r) + (n - 2) h'{rf) 5ij, 
d d\ h"{r) 



d \ 

I^ic(ei,— j =0 



Ric 



-dr dr ' h{r) 
In other words, we have 

Ric = RicTv - {h{r) h"{r) + (n - 2) h'{rf) 
h"(r) 

- (n - 1) ^-7^^ dr (g) dr. 
h{r) 

On the other hand, the Hessian of / is given by 

D^f = h{r) h'{r) h"{r) qn + h"'{r) dr dr. 

This implies 

(A/) g-D^f = [h{rf h"'{r) + (n - 2) h{r) h' {r) h"{r)) 

+ (n - 1) \ , / ' dr ® dr. 
h(r) 

Putting these facts together, we obtain 

(A/)5-i?V + /Ric 
= h'{r) (Ric AT - (n - 2)pgN) 

+ {h{rf h"'{r) + (n - 3) h{r) h'{r) h"{r) + (n - 2) h'{r) {p - h'{rf )) g^. 
By assumption, we have 

Ric AT — {n — 2)p gN >Q 

and 

h{rf h"'{r) + (n - 3) h{r) h'{r) h"{r) + (n - 2) h'{r) {p - h'{rf) 

1 , , ,o d / h"{r) , , p-h!(rf\ 

2 ^ ^ dr V /i(r) ^ ^ /i(r)2 7 - 

Putting these facts together, the assertion follows. 



Lemma 2.2. The vector field X satisfies DiXj = f gij. 
Proof. Note that 

^x{dr) = d{X{r)) = d{h{r)) = h'{r) dr. 
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This implies 

^xg = ^x{dr) (g) dr + dr (g) ^x{dr) + X{h{rf) qn 
= 2h'{r) dr®dr + 2h{rf h'{r) qn 
= 2h'{r)g. 

Therefore, ^xQ = 2f g. Since X is a gradient vector field, the assertion 
follows. 

We next prove an analogue of the classical Minkowski formula (cf. [20]). 
Recall that /i"(0) > by condition (HI). By continuity, we can find a real 
number ri € (0,f) so that h"{r) > for all r G [0, ri]. 

Proposition 2.3. Let T, be a closed orientahle hypersurface in {M,g). Then 

(6) / H{X,u)dfi = {n-l) [ fdfi. 

Moreover, if S is contained in the region N x (0, ri), then we have the 
inequality 

(7) ^y(X,i.)d/i<(n-l)MS). 

Proof. Let us write X = Vip for some real- valued function ip. By Lemma 
12.21 the Hessian of is given by D'^ip = f g. Hence, the Laplacian of the 
function V'ls is given by 

n-l 

AeV' = 5^P'V')(efc, efc) - H (VV^, = {n - l)f - H {X, u), 

k=l 

where {ei, . . . , e^-i} is an orthonormal basis of the tangent space to S. 
Therefore, we have 

(n-l) / fdf^- / H{X,u)dfi= / A^ip dfj, = 

by the divergence theorem. This proves ([6]). In order to prove the inequality 
d?]), we observe that 

(n - 1) //(S) - l^^{X,iy)di^ = l^jA^i;dfi = l^j^ (V^/, V^V') dfi. 

At each point in x (0,ri), the vector V/ is a positive multiple of Vip. 
Hence, if S is contained in the region 7Vx(0,ri), then we have (V^/,V^^) > 
at each point on S. From this, the assertion follows. 
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3. A GEOMETRIC INEQUALITY FOR MEAN-CONVEX HYPERSURFACES 

We now consider a closed, embedded, orientable hypersurface S in (M, g). 
It is easy to see that the intersection number of S with any closed loop is 
zero. Since S is connected, the complement M\T, has exactly two connected 
components. In particular, there is a unique connected component O of M\S 
with the property that $7 C iV x {0,f — 6) for some 6 > 0. We either have 
dil. = S or dn = S U {N x {0}). Let v denote the outward-pointing unit 
normal to S. We will assume throughout this section that S has positive 
mean curvature with respect to this choice of unit normal. 

It will be convenient to consider the conformally modified metric g = 
j7 9- The manifold {M,g) has an asymptotically hyperbolic end, which 
corresponds to the boundary x {0}. 

For each point p G Q, we denote by u{p) = dg{p, S) the distance of p from 
S with respect to the metric g. Moreover, we denote by $ : E x [0, oo) — t- Cl 
the normal exponential map with respect to g. More precisely, for each point 
X € S, the curve 1 1— t- ^>(x, t) is a geodesic with respect to g, and we have 

d 

^{x,0) = x, —^{x,t)^_^ = -f{x)v{x). 

Note that the geodesic 1 1— )• $(x,t) has unit speed with respect to g. 
We next define 

^ = {(x, t) G S X [0, oo) : u{^{x, t)) = t} 

and 

^* = {(x, t) G S X [0, oo) : {x,t + 5) e A for some 5 > 0}. 

The definition of A is analogous to the definition of the segment domain of 
a Riemannian manifold. Our next result follows from standard arguments 
(see e.g. [M], PP- 139-141): 

Proposition 3.1. The sets A and A* have the following properties: 
(i) If (x,to) G A, then {x,t) G A for all t G [0,to]- 
(a) The set A is closed, and we have ^{A) = i).. 

(Hi) The set A* is an open subset ofTiX [0, oo), and the restriction ^\a* is 
a diffeomorphism. 

For each t G [0, oo), we define 

S* = n (S X {t})). 

Note that S* is a smooth hypersurface which is contained in the level set 
{n = t}. To fix notation, we denote by H and // the mean curvature and 
second fundamental form of S* with respect to the metric g. 

Proposition 3.2. The mean curvature of S* is positive and satisfies the 
differential inequality 

dt \H) - n-l-' 



10 



SIMON BRENDLE 



Proof. It is easy to see that ^<I>(x,t) = —f{^{x,t)) v, where v = — 
denotes the outward-pointing unit normal vector to SJ' with respect to the 
metric g. Hence, the mean curvature of SJ' satisfies the evolution equation 

^/7 = AE*/+(Ric(i/,z.) + |//|2)/ 

(cf. US], equation (1.2)). Using Proposition 12. H we obtain 

n-l 
k=l 

= Af-{D^f){u,u)-H{Vf,u) 
> -mc{u,u)f-H{Vf,u), 

where {ei, . . . ,en-i} is an orthonormal basis of the tangent space to Sj. 
Putting these facts together, we conclude that 

lH>-H{Vf,u) + \n\^f. 



Moreover, we have 



|/ = -/(V/,.), 



This implies 

at each point on S^. Since the initial hypersurface S has positive mean 
curvature, we conclude that the hypersurface T,^ has positive mean curvature 
for each t £ [0, oo). From this, the assertion follows. 

Corollary 3.3. The function 1 1— )• /^(SJ') is monotone decreasing. 

Proof. Since T,^ has positive mean curvature, the area form on SJ" is 
monotone decreasing in t. Moreover, the sets {x G S : {x,t) G A*} become 
smaller as t increases. From this, the assertion follows. 

We next consider the quantity 

Q{t) = {n-1) [ J^dfi. 

It follows from Proposition 13.21 that the function 1 1— )■ Q{t) is non-increasing. 
Moreover, we have the following estimated 



^We note that Proposition 13.41 can be extended to a more general setting. In fact, 
Michael Eichmair has pointed out that Proposition 13.41 holds for any ambient manifold 
{M, g) which satisfies the inequahty (A/) g — f + f Ric > 0. 
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Proposition 3.4. We have 

Q(0) -Q(t) >n [ fdvol 

J{u<t} 

for all T £ [0, oo). 

Proof. Using Proposition 13.21 we obtain 

lim sup I {Q{t) - Q{t - h)) 



< (n - 1) 



^^^^ 



< -n / fdfi. 
Thus, we conclude that 



Q(0)-Q(r)>n^ (^j f df^j dt 



= n f dvol 

= n f dvol 

J{u<t} 

for all r G [0, oo). 

Theorem 3.5. Assume that S is null-homologous, so that dO, = S. More- 
over, suppose that S has positive mean curvature. Then 

(n — 1) / dfi > n f f dvol. 

Moreover, if equality holds, then S is umbilic. 
Proof. By Proposition 13.41 we have 

Q(0) >n [ /dvol 

J{u<t} 

for all T S [0,oo). Passing to the limit as r — )• oo, we obtain 



Q{0) >n[ / dvol, 
Jn 



as claimed. 



In the remainder of this section, we consider the case that S is homologous 
to the boundary x {0}, so that dQ = EU (A^ x {0}). Our goal is to analyze 
the asymptotics of Q{t) when r is very large. The key result is Proposition 
The proof of this result is quite subtle, and relies on several lemmata: 
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Lemma 3.6. Given any real number \ G (0, 1), there exists a number tq > 
with the following property: if p is a point in {u > tq} and a is a unit- 
speed geodesic with respect to g such that a{0) = p and a{u{p)) G T,, then 
|a'(0)| = f{p) and 

{^,a'{0))>Xf{p). 

Proof. For abbreviation, let c := h"{0) > 0, so that \df \ = c along 
N X {0}. By continuity, we can find a small number ro G (0, ri) such that 
S C iV X (ro, f) and 

-fD^f+\dffg>Xc^g 

on the set N x (0,ro]. Hence, the Hessian of the function j with respect to 
g satisfies 

D'Cf)=D'{^)-f,df^df + j,m^g 
= -j2D'f + j^\df\'g 

on the set N x (0, ro]. 

Let us choose tq sufficiently large so that {u>to — 1} C N x (0,ro] and 

m 



^ /i (ro) sinh(vAc)^ 



for all points p E {u > tq}. We claim that ro has the desired property. To 
verify this, we consider a point p E {u > tq} and a unit-speed geodesic a with 
respect to g such that q(0) = p and a{u{p)) G S. Clearly, a{t) G {n > tq — 1} 
for all t G [0, 1]. This implies a{t) £ N x (0,ro] for all t G [0, 1]. We now 
define to = mi{t G [0,u(p)] : a{t) ^ N x (0,ro]}. Clearly, to > 1. Moreover, 
we have 

/ 1 \ . . 2 1 



dt^\f{a{t))J - f{a{t)) 
for all t G [0,to]. Integrating this differential inequality, we obtain 

^ > 7^ cosh(v^ci) - (V/(p),a'(0)) sinh(v^ct) 



fHt)) - f{p) ' ' Vxcfipr 

for all t G [0,to]- Putting t = to and rearraning terms gives 

^sinh(vActo} (ro) sinh(vActo)^ 
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Here, we have used the fact that a(to) £ N x {ro} and /(a(to)) = h'{rQ). 
On the other hand, we have 

^fcosh{y/Xcto) f{p) 



^ sinh(-v/A cto) ^'('"o) sinh(\/Acto) 

>c(l fip)^] > |V/(p)| 

" V h'{ro) sinh(^/Ac)/ " ' 

by our choice of tq. Putting these facts together, we obtain 

(V/(p),a'(0)) > A/(p)|V/(p)|. 

Since Vf{p) = \Vf{p) \ we conclude that 

d_ 

. dr 

This completes the proof of Lemma [37 



(|:,a'(0))>A/(p). 



In the following, we fix a real number ri > so that the conclusion of 



Lemma 13.61 holds for A = ^ . 



Lemma 3.7. Suppose that 7 : [a,b] {u > ti} is a smooth path satisfying 
\y{s) + /(7(s)) f,\-<l for alls e [a, b]. Then 



13 

n(7(6)) - n(7(a)) >\ib-a). 
Proof. It suffices to show that 
(8) hrn^inf i (n(7(s)) - u{-f{s - h))) > ^ 

for all s G (a, b]. In order to verify ([8]), we fix a real number sq E (a, b]. For 
abbreviation, let p = 7(so). Moreover, let a be a unit-speed geodesic with 
respect to g such that a(0) = p and a'{u{p)) G S. Then 



by our choice of ri. Using the Cauchy-Schwarz inequality, we obtain 



il'iso), a'mg > f{p) (|:, «'(0)) . - |7'(^o) + f{p) ^ 



d 



1 

> -. 

9 - 4 



Hence, it follows from the formula for the first variation of arclength that 

himnf i {u{j{so)) - n(7(so - h))) > -(^(so), a'(0))^ > ^. 
This proves ([8]) , thereby completing the proof of Lemma 13. 7i 

In the next step, we approximate the function u by smooth functions. 

Lemma 3.8. Given any real number r > ti + 2, there exists a sequence of 
smooth functions Uj : {r — 1 < n < r + 1} — >■ M with the following properties: 
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(i) The functions Uj converge smoothly to u away from the cut locus. 
More precisely, uj u in C'{^^{W), where W = ^{A* n (S x (r - 

(ii) For each point p G {r — 1 < u < r + 1}, we have \uj{p) — u{p)\ < j^. 

(iii) For all points g G {r — 1 < u < r + 1}, we have \uj{p) — Uj{q)\ < 

(iv) 7/ 7 : [a, 6] — 7- {r — 1 < u < r + 1} is an integral curve of the vector 
field -f ^, then Uj{j{b)) - Uji^ia)) > j (6 - a). 

(v) We have D^Uj < K(t) g at each point p e {r — 1 < n < r + 1}. 
Here, K{t) is a positive constant which may depend on t, hut not 
on j. 

Proof. We employ the Riemannian convolution method of Greene and 
Wu (see [15], p. 57). More precisely, we define 

uj{p)= [ G(|eP)n(expp(e,e))de 

J{TpM,g) 

Here, exp^ denotes the exponential map with respect to the metric g and 
G : [0, oo) — )• [0, oo) is a smooth function with compact support satisfying 
/jgn G{\^\'^) = 1. Moreover, £j is a sequence of positive real numbers which 
are chosen sufficiently small. 

We claim that the sequence Uj has the required properties. Properties (i) 
and (ii) are obvious. Property (iii) follows from the fact that \u{p) — u{q)\ < 
dg{p,q) for all points p,q £ Similarly, property (iv) is a consequence of 
Lemma 13.71 

It remains to prove (v). We can find a positive real number K{t) such 
that D^u < ^ K{t) g at each point pG{t — 2<u<t + 2}, where the 
inequality is understood in the barrier sense. Results of Greene and Wu 
then imply that D'^Uj < K{t) g at each point pG{r — l<n<r + l} (see 
[H], p. 644, and [15], p. 60). This completes the proof of Lemma [STSl 



Proposition 3.9. For r > ri + 2 we have 

(9) /i(S;)>/i(0)"-ivol(iV,5iv) 
and 

(10) / ^{X,u)d^,<{n-l)^i{T.*). 
Jt,* J 

Proof. Let us fix a real number t > ri + 2, and let Uj be a sequence of 
smooth functions satisfying properties (i)-(v) in Lemma [331 The statement 
(iii) implies that 

/ \ duj\g = \duj\g < 1 + - . 
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Moreover, it follows from (iv) that 

In particular, we have / \duj\g > j and {X, —Vuj) > 0. 
Using the co-area formula, we obtain 



fj.{{uj = t}) dt = I iVujl dvol 



< 



^ J'' J{t<u<t+^} J 



where the volume form is taken with respect to the metric g. Moreover, 
using Corollary 13.31 we obtain 

If 1 

— dvol = / — dvol 

{t<u<t+1} J J4>(A*n(Ex[T,T+i])) / 

1 

\{Y.l)dt 

Putting these facts together, we conclude that 

r^'^ ^,{{u,=t})dt<-(l + -)^,{K). 

Therefore, we can find a real number tj G + t + j — such that 

(11) /z(K=t,})<:^/.(S;). 

Let us denote the level set {uj = tj} by Sj. Clearly, Sj is a smooth (possibly 
disconnected) hypersurface without boundary. Using ([TT]) . we obtain 

(12) limsup^(S'j) < ^(S;). 



It follows from the intermediate value theorem that every integral curve of 
the vector field ^ intersects Sj at least once. Therefore, we have n{Sj) > 
h{0)"~^ vol{N, qn). Passing to the limit as j — )■ oo, we conclude that 
/i(S*) > /i(0)"-i vol(iV,5Ar). This proves ([9]). 

It remains to verify the inequality (jlOp . The outward-pointing unit nor- 
mal vector to the hypersurface Sj is given by —j^^. Moreover, the mean 
curvature of Sj is given by 
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We will denote by Sj~ the set of all points on Sj where the mean curvature 
Hs^ is positive. 

In view of property (i) above, the surfaces Sj converge to S* in Cf^^ away 
from the cut locus. Since S* has positive mean curvature, we have 

(13) limini fi{S+) > 
and 

(14) hminf / !^/x,-^)df,> [ ^{X,u)d^,. 



Combining (|12p and (jl3p . we obtain 

(15) limsup^(S'j\S'+) = 0. 



On the other hand, it follows from property (v) above that D^Uj < L(t) g 
for some positive constant L{t). Since / |Vnj| > \,we conclude that > 
— A(r) for some positive constant A(r). Note that the constants L{t) and 
A(r) may depend on r, but not on j. Using (fTS]) . we obtain 

hminf /■ 



Jsj\s+ f \ |Vn 



(16) =liminf/ ^^±^(x,-^)d;.>0. 



Adding and (fT6|) gives 

liminf/ ^/x,-^)df,> [ ^{X,u)df,. 

On the other hand, applying Proposition 12.31 to the hypersurface Sj yields 

limsup / — p- /x, — |„ \ dfi < {n — 1) limsup fi{Sj) 
jf— s>oo J Sj J ^ |Vnj,-|/ j— i-oo 

<(n-l)MS;). 

Thus, we conclude that 

/ :|(X,z.)d^<(n-l)/i(E*). 

This completes the proof of Proposition 13.91 



Corollary 3.10. Let A G (0, 1) be given. Then we have 
(n - 1) / j^dfi>X h{Or vol(iV, 57v) 



if T is sufficiently large. 
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Proof. It follows from Lemma [3.6l that inf^* v) > A if r is sufficiently 
large. This implies that inf^* {X, v) > \ h(0) if r is sufficiently large. Using 
Proposition 13. 9( we obtain 

Xh{0) [ ^dfi< [ ^{X,u)dfx<{n-l)fi{J:;). 
This implies 

(n -I) l^^^dfi>(n- 1) ^ df^ 

>Xh{0)^^{K) 
> A/i(0rvol(iV,57v). 
This completes the proof of Corollary IS.lOi 

Theorem 3.11. Assume that S is homologous to the boundary N x {0}, 
so that dfl = S U {N x {0}). Moreover, suppose that T, has positive mean 
curvature. Then 

(n-l) [ ^dfi>n [ /dvol + /i(0)"vol(iV,5iv). 
Moreover, if equality holds, then S is umbilic. 
Proof. By Proposition 13. 4| we have 

Q(0) -Q(r) > [ fdvol 

J{u<t} 

for all T G [0,oo). Moreover, we have 

liminf Q(r) > /i(0)" vol(A^, ^^v) 

T— J-OO 

by Corollarv 13.101 Putting these facts together, we conclude that 

(3(0) >n / /(ivol + /i(0)'^vol(iV,9jv), 
Jn 

as claimed. 

4. Proof of Theorem 11.11 

In this section, we give the proof of Theorem II. li As above, we assume 
that {M,g) is a warped product manifold satisfying conditions (II1)-(II3). 
Let S be a closed, embedded, orientable hypersurface in (M, g) with constant 
mean curvature. It follows from (H2) that the slice Nx{r} has positive mean 
curvature for each r G (0,f). Using the maximum principle, we conclude 
that the mean curvature of S is strictly positive. By Proposition 12. 3^ we 
have 

(n-1) [ fdfi= [ H{X,u)dfi. 



— 1 
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Since H is constant, we obtain 



(n-1) / {-df,= [ {X,,.)dfi. 



We now distinguish two cases: 

Case 1: Suppose first that S is nuh- homologous, so that 50 = S. Using 
Lemma 12.21 and the divergence theorem, we obtain 



= n f dvol. 
Jn 

Therefore, it follows from Theorem 13.51 that S is umbilic. 

Case 2: We now assume that S is homologous to the boundary N x {0}, 
so that 9$7 = S U {N x {0}). In this case, we have 



Thus, Theorem 13.111 implies that S is umbilic. 

Finally, let us assume that the condition (H4) is satisfied. In this case, 
we claim that E is a slice x {r}. We have already shown that the second 
fundamental form of S is a constant multiple of the metric. Using the Co- 
dazzi equations, we deduce that i?(ej, ej,ek, v) = 0, where {ei, . . . , Sn-i} is 
an orthonormal basis for the tangent space of S. In particular, Ric(ej, z^) = 
X^r^i^ Cj, ei, z/) = 0. Therefore, ly must be an eigenvector of the Ricci 
tensor of {M,g). On the other hand, the condition (H4) implies that the 

smallest eigenvalue of the Ricci tensor is equal to —{n — 1) moreover, 
the corresponding eigenspace is one-dimensional and is spanned by the vec- 
tor Hence, at each point on S, the unit normal vector u is either parallel 
or orthogonal to the vector However, there is at least one point on S 
where v is parallel to Thus, is parallel to ^ at each point on S, and 
S is a slice x {r}. 

5. Application to the deSitter-Schwarzschild and 
Reissner-Nordstrom manifolds 

In this section, we describe how Corollary 11.21 and Corollary 11.31 follow 
from Theorem 11.11 Let us consider the product M = A^ x (s, s) equipped 
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with a metric of the form 

1 , , 2 
g = — -— as ^ as + s Qsn-i ■ 

U}{S) 

Here, s > s > 0, and u is a smooth function defined on the interval [s,s). 

To bring the metric into the form ([1]), we define a continuous function 
F : [s,s) — ^ R by F'(s) = } and F(s) = 0. Using the subsitution 

r = F(s), the metric can be rewritten as 

g = dr ® dr + h{r)^ 9s"-'^^ 

where h : [0, F{'s)) — )• [s, s) denotes the inverse of the function F. A straight- 
forward calculation gives 

h'{r) = 

and 

h"{r) = ^u'{s) 

where s = h{r). Hence, the conditions (H1)-(H4) are equivalent to the 
following set of conditions: 

• oj{s) = and uj'{s) > 0. 

• The function 

s s^ 
is non-decreasing for s G (s, s). 

• We have 

^'{s) p-uj{s) 
2s s2 

for all s € {s,s). 

Note that uj{s) = 1 — m s^"" — ks'^ for the deSitter-Schwarzschild manifold, 
and uj{s) = 1 — ms'^~'^ + s'^~'^'^ for the Reissner-Nordstrom manifold. 
Moreover, we have /? = 1 in both cases. It is straightforward to verify that 
the conditions above are satisfied. Thus, we can apply Theorem 1 1.1 1 to these 
manifolds. 

6. Proof of Theorem 11.41 

In this final section, we sketch the proof of Theorem ll.4[ Let h : [0, f) — )• M 
be a smooth function which satisfies the conditions (H1')-(H3'). We define 
a Riemannian metric g on the ball Bf{0) C M" hy g = dr(d)dr + h{r)'^ 9s"-^ ■ 
The condition (HI') implies that g is smooth. As above, we define / = h'{r) 
and X = h{r) ^. Note that / is a smooth positive function defined on 
Bf{0) C M", and X is a smooth vector field. 

We now assume that E is a closed, embedded, orientable hypersurface in 
{Bf{0),g) with constant mean curvature. Moreover, let C -Bf(O) denote 
the domain enclosed by S. By assumption, the coordinate spheres dBr{0) 
have positive mean curvature for each r G (0, f). This implies that the mean 
curvature of S is strictly positive. 
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For each point p G fi, we denote by u{p) the distance of p from S with 
respect to the metric g = -p g- It follows from Proposition 13.41 that 

(n — 1) / -^dfj,>n I fdvol 
Jt. J{u<t} 

for each r G [0,oo). Passing to the limit as r — >• c«, we obtain 

(17) (n-l) [ ^dn>n [ fdvol. 

Moreover, if equality holds, then S is umbilic. 

On the other hand, it follows from Proposition 12.31 that 

(n-1) [ fdii= [ H{X,i^)dfi. 
Jt, Jt 

Since H is constant, we conclude that 

(n — 1) / — dfi = I {X,i')dfi= [ <X\vXdvol = n f fdvol. 

Therefore, equality holds in (jl7p . Thus, S is umbilic. If the condition (114') 
holds, then the Ricci tensor of g has two distinct eigenvalues. Hence, we can 
argue as in Section 2] to conclude that S is a geodesic sphere centered at the 
origin. 
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